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In this letter we show that for isolated systems for which the energy current density is not
equal to the momentum density, that means for systems with non-symmetric energy-momentum,
the usual statements of the center of mass motion theorem are not valid. We also discuss the
modified version of the theorem that is always valid. Then we present a simple and exactly workable
example of an electromagnetic interacting system which illustrates the violation of those standard
versions of the center of mass motion theorem. We show that for this system Minkowski’s density
of linear momentum which yields a non-symmetric electromagnetic energy-momentum tensor, but
not Abraham’s, is compatible with total momentum conservation.
PACS numbers: 45.20.df
INTRODUCTION
There is a widespread belief in the unrestricted validity
of the so called center of mass motion theorem. There are
two versions of this theorem. The first (CMMT-1) states
that the center of mass of an isolated system moves with
constant velocity. The second (CMMT-2) states that the
total momentum of an isolated system equals the mass
(energy divided by c2) times the velocity of the center of
mass. The second version implies the first. In particu-
lar both versions of the theorem have been used many
times in the century long controversy [1, 2] about Abra-
ham’s and Minkowski’s proposals for the electromagnetic
momentum in a dielectric, mostly to support Abraham’s
point of view [3–9]1. Actually, such a theorem is a conse-
quence of the conservation of orbital angular momentum,
which in general is not true. What is always conserved
for an isolated relativistic system is the total angular mo-
mentum which also includes spin. The theorem does not
hold when the energy-momentum tensor that defines the
orbital angular momentum is not symmetric. In such a
case the density of linear momentum c−1T i0 is not pro-
portional to the current density of energy cT 0i, and the
velocity of the center of mass which depends on the lat-
ter is not constant. To be more specific, let us consider
a localized system upon which no forces are exerted but
with a non-symmetric energy-momentum tensor. This
may occur for an isolated system if there is a local spin
density Sµνα [10, 11]. The total energy U =
∫
T 00dV and
the total momentum pi = c−1
∫
T i0dV are conserved.
1 The literature on this theme is too vast to be properly handled
here, so we limit our references to few key articles and a couple
of review papers to which we refer the reader for further infor-
mation.
The current of the orbital angular momentum is
Lµνα = xµT να − xνT µα . (1)
Since no forces act on the isolated system, for any sensible
definition of the energy-momentum tensor, ∂νT
µν = 0,
and therefore we have
∂αL
µνα = T νµ − T µν . (2)
and
∂αS
µνα = −T νµ + T µν . (3)
When integrated over the volume this second equation
relates the torques on the system with the variation of
spin. For a magnet the spatial part of the spin density
is related to magnetization. When the total magnetic
moment is different of zero, it is these equations which
describe the Einstein-de Haas effect where spin is con-
verted in orbital angular momentum. Einstein-de Haas
effect is used routinely to measure the gyromagnetic ra-
dio [12] and provides an example where the total energy-
momentum tensor cannot be symmetric. Define the cen-
ter of mass by
X i =
1
U
∫
xiT 00 dV . (4)
Then the temporal component of orbital angular momen-
tum is
Li0 = c−1
∫
(xiT 00 − x0T i0)dV =
U
c
X i − tcpi . (5)
From (2) we get
L˙i0 =
∫
(T 0i − T i0)dV =
∫
T 0i dV − cpi . (6)
2Using (5), U˙ = 0 and p˙i = 0, one obtains the velocity of
the center of mass
X˙ i =
c
U
∫
T 0i dV . (7)
Note that what appears in (7) is the energy current den-
sity, not the momentum density. This third form of the
theorem about the motion of center of mass (CMMT-3)
is always valid for isolated systems. When the energy-
momentum tensor is symmetric, X˙ i = c2pi/U and the
center of mass velocity is constant, but in general it is
not so.
This discussion is relevant to the Abraham and
Minkowski debate on the energy-momentum tensor
T µνF of the electromagnetic field in a medium. There has
been agreement on the energy current density which is
Poynting’s vector
S = cT 0iF eˆi =
c
4π
E×H , (8)
but Minkowski’s density of linear momentum,
gMin = c
−1T i0F eˆi =
1
4πc
D×B , (9)
has been challenged for many years by the alternative
suggestion of Abraham, gAbr = c
−2S, which yields a
symmetric energy-momentum tensor. Minkowski pro-
posal has been supported for example by arguments us-
ing Doppler effect and the absorption of light within a
dielectric. On the other hand Abraham’s momentum
density is in general consistent with CMMT-2. Many
other arguments on Abraham’s side, beginning with Bal-
azs work [3], rely on the use of CMMT-1 or CMMT-2,
sometimes in a classical formulation and sometimes ex-
pressed in terms of photons [5, 7]. The main objective
of this letter is to show the flaw of this line of reasoning.
Below we present a simple example which illustrates the
violation of the first two versions of the center of mass
theorem in the presence of electromagnetic fields without
relying in any specific definition of the energy-momentum
tensor. We then show that use of Minkowski’s density of
linear momentum is compatible with momentum conser-
vation. Our example is related to Shockley’s and James
configuration [13] which also shows the inconsistency of
CMMT-2 and standard electromagnetism and led them
to postulate the existence of a hidden momentum. The
system discussed here has the advantage of being simpler
and fully computable. We should stress that in view of
our discussion above the hypothesized hidden momentum
is completely unnecessary.
FORCE ON A MAGNET
Consider a non-charged solid body at rest made of
insulating material with dielectric constant ǫ = 1 and
z
M
q
FIG. 1. Magnetized ring
magnetization M. In these conditions ρ = 0, j = 0 and
P = 0. Assuming that the force on the body is due to the
Lorentz force on the microscopic charges and currents in
standard electrodynamics it is well-known [14] that the
force on a magnetic dipole m is
F = ∇(m ·B) (10)
and the corresponding power is −m · B˙. They are inde-
pendent of the electric field E in the rest reference frame.
Since each element of the body can be considered as a
magnetic dipole with moment dm = MdV , the four-force
density due to electromagnetic interactions is
fµ = Mk∂
µBk . (11)
This expression may be written in an explicit covariant
form by including the terms depending on the polariza-
tion vector which appear in a moving frame. Note that
this force density is not the same than the force den-
sity on the magnetic current density jM = c∇ ×M al-
though it may be shown that the total force on the body
computed with any one of them yields the same result.
Other expressions or contributions to the force density
have been proposed [5, 7] , in particular Einstein-Laub
force, Abraham force and the contribution of hidden mo-
mentum. These forces either are E-dependent, quadratic
in the magnetization or rely in a non-standard treatment
of the dynamics. (See also the resource letter [15] for
more references).
In general the magnetic induction field is composed
by the field produced by the magnetization itself and
an external field B = Bs + Be. When M is changing
smoothly, the self-interaction force is compensated by the
stress that develops in the material. In order to compute
the total force on the body its is sufficient to consider the
external field Be.
THE MAGNET-CHARGE SYSTEM
Consider a ring with the shape of a washer made of
a ferromagnetic insulator (see Fig. 1). The axis of the
3ring is along the z-axis and the center is at the origin.
For simplicity we take ǫ = 1. The ring is magnetized
around its axis with magnetization M of uniform magni-
tude. In this situation B = 4πM inside the ring whereas
H = 0 everywhere. Suppose that at the center of the
ring there is a particle of charge q. Since the ring is an
insulator the electrostatic field of the charge penetrates
the magnet. The center of mass of the system (includ-
ing the electromagnetic contribution to the energy) is at
rest at the center of the ring. Abraham’s momentum
density vanishes since H = 0 so that if one takes it to de-
fine the momentum of the electromagnetic field, the total
momentum of the system including the electromagnetic
field is zero. This is consistent with CMMT-2 only if the
center of mass remains stationary. On the other hand,
taking Minkowski’s definition there is a finite momentum
in the z direction. The momentum of the electromag-
netic field for this second alternative can be easily cal-
culated. Using cylindrical coordinates (ρ, θ, z), M = Mθˆ
and r = ρρˆ+ zzˆ. The momentum density inside the ring
is
gMin =
1
4πc
D×B =
qM
cr3
(−zρˆ+ ρzˆ) . (12)
Integrating over the volume
PMin =
qM
c
∫
dV
ρ
r3
zˆ . (13)
The integral on the right side of this equation may be
computed in terms of the geometrical parameters of the
ring. Accepting Minkowski’s definition for the momen-
tum density violates CMMT-2 in this configuration con-
sistently with our discussion at the beginning.
To determine which of the two proposals for the mo-
mentum density is more useful in the description of this
system, let us examine what happens when the fields
change. For example consider the scenario in which the
magnet demagnetizes (e. g. by including in the magnet
a device which allows its temperature to rise above the
Curie point). The magnetic induction field B changes
and therefore an induced electric field appears. It is al-
ways possible to split the electric field in a static field,
ES , ∇ ·ES = 4πρ, ∇×ES = 0 and an induced field EI,
∇ ·EI = 0, ∇×EI = −c
−1B˙. It is easily shown that
EI = −
1
4πc
∫
dV
∂B
∂t
×
rˆ
r2
. (14)
Neglecting the radiation field B = 4πM. Then at the
origin the induced field is
EI(0) = −
M˙
c
∫
dV
ρ
r3
zˆ . (15)
If the demagnetization process is fast enough, the force
on the charge is F = qEI(0), and the impulse on the
(dressed) particle may also be computed
ICharge =
∫
dtF = −
q
c
∫
dt M˙
∫
dV
ρ
r3
zˆ . (16)
This is exactly the momentum calculated in (13) using
Minkowski’s momentum density which is then shown to
be consistent with momentum conservation. Note that,
since no B field is produced by the charge, there is no
force acting on the magnet which therefore remains at
rest. Since the center of mass of the magnet does not
move, the center of mass of the system clearly moves in
the direction in which the particle moves, and so CMMT-
1 does not hold in this case.
Next we investigate the origin of the momentum that in
Minkowski’s formulation is stored in the electromagnetic
field. Let us start with the charge far away and analyze
how, as it is brought to the center of the ring, the field
momentum builds up. Since the magnet does not pro-
duce any electromagnetic field outside itself there is no
force upon the charge. There is, though, a force acting
on the magnet produced by the magnetic field B gener-
ated as the charge moves. To keep the magnet in place
an opposite force must be applied to it. The impulse gen-
erated by this force is precisely the stored momentum in
the electromagnetic field. For a charge moving along the
z-axis the calculation can be done easily.
Call x the position of the charge, x = ζzˆ. The velocity
is v = ζ˙ zˆ. For v ≪ c the magnetic field produced by the
moving charge is
B =
q
c
v × r′
r′3
=
qζ˙ρθˆ
c[ρ2 + (z − ζ)2]3/2
, (17)
where r′ = r− x = ρρˆ+ (z − ζ)zˆ.
Using (11) the force density on the magnet is
f = Mk∇Bk =
q
c
ζ˙M
[
ρˆ
∂
∂ρ
+ zˆ
∂
∂z
]
ρ
r′3
. (18)
The force is obtained by integrating over the volume
F =
∫
dV f =
q
c
ζ˙M
∫
dV
∂
∂z
ρ
r′3
zˆ (19)
= −
q
c
M
d
dt
∫
dV
ρ
r′3
zˆ . (20)
We have used ∂z = −∂ζ. The impulse on the magnet is
then
IMagnet =
∫
dtF = −
q
c
M
∫
dV
ρ
r3
zˆ . (21)
The momentum stored by the field is the opposite of this
quantity and again agrees with (13).
Also in this situation CMMT-1 does not hold. If no
external force is applied to keep the magnet in place,
the charge would move with constant velocity but the
magnet would be accelerated in the negative direction of
the z axis as the center of mass would be too.
CONCLUSION
The example presented in this letter display in a very
simple setup the violation of the center of mass theorem
4for a system with electromagnetic interactions. The dis-
cussion presented depends only on the Maxwell equations
and uses the standard electromagnetic force in the me-
chanical equations. The impulse computed in each situa-
tion, on the charge or on the magnet, does not depend on
the definition of the momentum density or any other com-
ponent of the energy momentum-tensor of the field. Nev-
ertheless when confronted with the alternative definitions
for the momentum density of the field, the results single
out Minkowski’s proposal as the one which allows to sat-
isfy linear momentum conservation. Or equivalently, the
one which is consistent with the action-reaction law be-
tween the electromagnetic field and matter.
We also note that in this example the electromagnetic
field acts as a buffer for the linear momentum, spoiling
the validity of Newton’s third law for the matter sector
of the system. In the first situation the linear momentum
has been stored in the field although everything in the
system is at rest. When the momentum is released the
magnet feels no reaction although the particle is acceler-
ated. In the second situation no force acts on the parti-
cle while it moves to be placed at the center of the ring.
Only the magnet is subjected to the action of an electro-
magnetic force, which should then be compensated by an
external force in order to establish the configuration. In
the process the field accumulates linear momentum.
The situation discussed gives a realization of a system
which stores linear momentum and has all its components
at rest, giving a way out to the apparent paradoxes in-
troduced by the wrong use of the center of mass theorem.
Although in this letter we do not enter into the details
of how to define convenient energy-momentum tensors
for field and matter, something that will be done else-
where [16], our computation already shows that the total
energy momentum-tensor of this system should be non-
symmetric. This is consistent with the fact that both
the field and the matter distribution, may have a non-
vanishing spin density current [10], which is what allows
the violation of the first two versions of the center of mass
theorem discussed at the beginning.
Taylor [17] has treated a related example, with toroidal
currents instead of a magnet. It is interesting to have a
view on the differences with our discussion in the starting
situation with the charge at rest in the center. In this
case the proper energy-momentum tensor is known to
be the standard tensor defined for the vacuum , which is
symmetric, S = c2g = cE×B/4π, and therefore CMMT-
2 holds. If one considers a free current distribution of
value j = c∇ ×M, with M the magnetization of our
previous example, the magnetic induction field and the
induced electric field are of course the same as in that
case and the electromagnetic momentum density is equal
to the one obtained using Minkowski’s expression in that
situation. But now unlike in the magnet configuration
the Poynting vector does not vanish. The force exert
on the currents by E is still zero, but the power density
E · j is not. In the equivalent situation to our magnet,
inside the structure that supports the currents the energy
is increasing in the top and decreasing in the base. The
total power does vanish. The supporting structure is only
apparently at rest, its center of mass moves because there
is transport of energy by Poynting’s vector. Now CMMT-
2 imposes that the velocity of the center of mass equals
the stored momentum divided by the total energy. This
makes this configuration ephemeral. Even disregarding
Joule effect it could last only until the energy storage in
the base is depleted. Regretfully the analysis presented in
Taylor’s paper is not correct because it does not take into
account adequately the electromagnetic momentum. The
energy transport mechanism just described is in contrast
to what occurs with the magnet where the power density
and the Poynting vector are zero. For this reason the
center of mass of the magnet remains always at rest.
The original Abraham-Minkowski controversy has
been considered conceptually solved by some authors
on the ground that the division of the total energy-
momentum tensor into electromagnetic and material
components is arbitrary and hence the Minkowski elec-
tromagnetic energy-momentum tensor, like the Abraham
tensor, has a material counterpart in such a way that the
sum of these components yields the same total energy-
momentum tensor [5]. Other authors suggest to con-
sider both options correct but applicable in different con-
texts (see [6] for a recent example). Nevertheless none of
these points of view have been completely adopted by the
community and discussion continues to take place. We
think that the calculation presented in this letter clearly
chooses Minkowski’s linear momentum density (9) as a
better tool for the description of the system. From our
point of view it appears to be no satisfactory way to
define a modified energy-momentum tensor of the mat-
ter distribution which will store the needed linear mo-
mentum while the magnet remains at rest. One effort
in this direction which originated precisely in trying to
make things compatible with the (non necessarily true)
CMMT-1 and CMMT-2 is the use of a hidden momentum
[13, 15]. An analysis based on it may be used to force
these theorems to hold. We thing that the mechanism
through which the hypothetical hidden momentum may
be first stored and then transfered to matter is much more
obscure and controversial that anything in our discussion.
We also think that the use of Einstein-Laub force which
also allows to rescue CMMT-1 and CMMT-2 in this case
is a risky departure of the experimentally well supported
Maxwell-Lorentz framework. But of course it should be
the task of experiments to vindicate or to completely rule
out these alternatives. On relation with this it should be
noted that the magnitude of the stored momentum in the
device is very small even in the most optimistic labora-
tory conditions but not completely out of the possibilities
of measurement now or in a near future.
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